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ABSTRACT: We report experimental results and a theoretical analysis of the Debye length in aqueous
solutions of nonadsorbing polyelectrolytes. The measurements were done using a surface forces apparatus,
in which the normal forces between smooth mica surfaces in aqueous hyaluronic acid (HA) solutions
were measured as a function of surface separation (to +1 A). HA is negatively charged and does not
adsorb to the negatively charged surface of mica, as was established by optical and viscosity measurements
and in agreement with the measured force—distance curves. From these measurements it appears that
the multivalent polyelectrolyte is “depleted” from the gap between the surfaces. We use the mean-field
Poisson—Boltzmann theory to theoretically predict the effective Debye length and double-layer force under
such conditions and compare the predictions with the experimental results. The comparison gives excellent
agreement and shows that the effective Debye length is determined solely by the monovalent ions in the
solution. Specifically, the effective Debye length «e* for the double-layer interaction is determined by

an effective ionic concentration given by ,/n,n,, where ns and n. are the bulk negative and positive

s ¢

monovalent ion concentrations, respectively.

Introduction

When colloidal particles are dispersed in a medium
containing free charges or ions (e.g., an aqueous elec-
trolyte solution), the electrostatic interactions are
screened by the free charges. The net “double-layer”
interaction decays roughly exponentially with a char-
acteristic length called the Debye length «~1. The Debye
length is a crucial parameter in the description of
aqueous systems that include ions, charged colloids,
surfactants, polyelectrolytes, and biopolymers. Whereas
the Debye length for simple electrolytes is well-known
both theoretically and experimentally, that of more
complex charged structures (polyelectrolytes, macroions,
polysoaps, micelles, proteins) is still not well understood.
Some experimental measurements have been made on
the Debye length in micellar solutions;1=3 however, for
the case of surfaces immersed in polyelectrolyte solu-
tions where the polymers cannot enter the gap between
the surfaces, we could not find any theoretical or
experimental study.

Polyelectrolytes in solution may be divided into ad-
sorbing and nonadsorbing, each with its own unique
features for the double-layer repulsion that it generates.
The simplest of the two situations is the nonadsorbing
polymer, since for adsorbing polymer we have in fact a
problem of adsorbed and nonadsorbed polymers coexist-
ing in the solution (since some polymer is always free
in solution). We therefore chose to first investigate the
case of nonadsorbing polymers, and for our model
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system we chose the sodium salt of hyaluronic acid (HA)
as the polyelectrolyte, and mica surfaces. The electric
double-layer forces between the mica surfaces were
measured directly using the surface forces apparatus
(SFA); the refractive index and viscosity of the solution
confined between two mica surfaces were also measured.
The HA—mica system was chosen because both are
negatively charged so that HA does not adsorb on mica
(in monovalent salt solutions such as NaCl and at
physiological pH, i.e., near ~7.0). HA is also an impor-
tant natural (biological) polymer: it is found in certain
body fluids such as synovial fluid (joint fluid) where it
is believed to play a crucial role in biolubrication.

One may guess that for the interaction between two
parallel surfaces a distance D apart in a solution of
nonadsorbing macroions (say polyelectrolytes or mi-
celles) there may be three regimes:

(i) D < Koy
(i) ker <D <mR,

(iii) D > MR,

where Ry is the dimension of the macroion in the
solution, m is a constant of order unity, and et is some
effective Debye length for the double-layer interaction,
where we assume that ket < mRg. In regimes i and ii
we expect the Poisson—Boltzmann (PB) equation to hold
with some ke, while in regime iii the theories pro-
posed by Borukhov et al.*~¢ (discussed later) hold. This
study is focused on regime ii, where we expect the force
between the surfaces to decay exponentially with the
product «eD. We predict the value of e * and measure
it for the HA—mica system.
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Experimental Section

Materials: Source and Preparation of HA Solutions.
The HA (Sigma, H-9390) was the sodium salt of hyaluronic
acid from Streptococcus zooepidemicus and was used as
received. HA solutions were made in HEPES buffer: N-[2-
hydroxyethyl]piperazine-N'-[2-ethanesulfonic acid] (Sigma,
H-7523, used as received). 2.383 g/L of HEPES powder was
titrated with NaOH solution to obtain a final solution of 4.13
mM Na' at pH 7.4. We refer later to this solution as “the
buffer”. HA is then dissolved in the buffer solution to a
concentration of 3.4 mg/mL.

Materials: Characterization of HA Solutions. The
molecular weight of the HA was obtain by comparing intrinsic
viscosity measurements that we made in 0.1 M NaCl solution
of our HA with those of Fouissac et al.” From these measure-
ments,® the average molecular weight M and the average
radius of gyration Ry of the HA used in this study were found
to be M =540 kDa and Ry = 64 nm, respectively. The Mark—
Houwink—Sakurada equation in this case takes the form®
[7] = 0.0046M°8, where [r] is the intrinsic viscosity in mL/g
and M is in daltons. The polydispersity in the molecular weight
for this type (source) of HA is usually between 1.8 and 2.5.°

Methods: the Surface Forces Apparatus (SFA) Tech-
nique. Force measurements were done using a SFA Mark
111.1° The principles of the SFA technique have been exten-
sively described.1%!! Briefly, the shapes of and separation D
between two smooth mica surfaces are measured during force
measurements with an optical technique!? having a distance
resolution of +1 A. The optical technique also allows for the
refractive index of the solution between the surfaces to be
directly measured, which indirectly gives the density of
dissolved polymer in the confined film between the surfaces.
This may be quite different from the bulk value when the
surfaces are close together (usually for films thinner than a
few Ry).

The upper surface is mounted on a piezoelectric tube which
allows control of the normal separation and motion (fine
distance control to 1 A), and the lower surface is mounted
on a weak cantilever spring, which can be moved normally
from millimeters to nanometer separations (coarse distance
control). From the deflection of this spring the normal force F
between the two surfaces can be measured simultaneously
with their separation D. The forces in this study are normal-
ized by the radius R ~ 20 mm of the curved surfaces (which
for convenience are arranged in the “crossed cylinder config-
uration”), since according to the Derjaguin approximation,*3
for D < R the measured force F is related to the interaction
energy per unit area E between two plane-parallel surfaces
at the same separation D according to

E(D) = F(D)/22R @)

Thus, normalizing the measured force-law F(D) by the
radius R enables comparison between different experiments
as well as with theory which normally predicts E(D). The way
F/R varies with D is often referred to as the “force profile”.

Results

Thin-Film Refractive Index and HA Concentra-
tion Measurements. To interpret the measured forces
(and Debye length), we needed to establish whether the
polymer is adsorbing or nonadsorbing. This was done
in two ways: via refractive index and thin-film viscosity
measurements. First, using an Abbé refractometer, the
refractive index of the pure bulk buffer solution was
found to be rs = 1.333, the same as for pure water. The
refractive index increment dr/dc (where c is the polymer
concentration) of the HA solution in the buffer was
found to be 0.143 mL/mg, which is similar to previous
reports for other aqueous HA solutions.1*
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Figure 1. Measured forces between two mica surfaces across
buffer solution (®) and across 3.4 mg/mL of HA in the buffer
solution (a, right tilted A, left tilted A, O). The different
symbols represent different force runs. The thinner solid line
is the theoretical prediction for the buffer solution based on
egs 3 and 4b, and the thicker solid line is the theoretical
prediction for the HA in buffer solution, using eqgs 26 and 28,
both based on the experimental concentrations. The inset
shows the refractive index r of the confined HA/buffer solution
vs the separation D between the mica surfaces.® The upper
dashed line is the refractive index of pure HA, and the lower
dashed line is the refractive index of the bulk solution (which
is almost identical to the buffer solution). Both dashed line
values were obtained using an Abbé refractometer.

An amorphous HA melt at room temperature (without
solvent) has a refractive index rp given by (see p 309 in
ref 15)

d
rp=r5+§d—£ 2)

where & is the melt HA density in mg/mL. From eq 2
we obtain rp, = 1.563 for the refractive index of bulk
amorphous HA, which is very close to the evaluation
based on a theoretical correlation (see Chapter 10 in ref
15), which gives rp, = 1.57. By measuring the mean
refractive index of the confined (nonbulk) solution
between the surfaces in the SFA experiments, it was
possible to determine the mean concentration ¢ of HA
in the gap (using eq 2) and, therefore, whether this was
higher or lower than in the bulk “reservoir”. If the
refractive index is measured as a function of the
confining separation D, this method may also provide
a reasonably accurate way of measuring the amount of
surface adsorbed material.16-18

The measured refractive index of a dilute, 3.4 mg/mL,
HA solution as a function of the separation between two
mica surfaces is shown in the inset in Figure 1. At large
separations (thick films) the refractive index is, as
expected, the same as the bulk value, which is indicated
by the lower horizontal dashed line in the inset. As the
separation between the mica surfaces is decreased, the
refractive index remains the same as that for the bulk
and does not increase toward the refractive index of
pure HA (upper horizontal dashed line in the inset).
This shows that the HA does not adsorb on the mica
surface; i.e., it behaves as a “nonadsorbing” or “nonad-
hering” polyelectrolyte, which (as described below) is
also consistent with the viscosity and force measure-
ments.

Thin-Film Viscosity. A clear manifestation for the
depletion of the polymer from between the surfaces is
deduced from the viscosity measurements which are
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reported in ref 8. The viscosity was measured by
vibrating one of the surfaces sinusoidally (in the vertical
direction) and measuring the resulting sinusoidal change
in the surface separation. The viscosity profile was then
calculated as explained in ref 19.

The viscosity measurements® show that at large
separations, D > 6Rg, the viscosity is the same as that
of the bulk solution (ca. 22.5 cP) as measured using a
U-tube capillary viscometer. However, as the separation
between the surfaces is decreased to below about 400
nm, the viscosity starts to decrease monotonically until,
at about 20 nm, corresponding to D ~ /;R, it reaches
a value of only ~2.5 cP. This drastic decrease in the
viscosity shows (as do the refractive index measure-
ments and normal force profiles—to be reported in the
next paragraph) that the polymer is depleted from the
gap.

Normal Force Profiles.The measured force profile
F(D)/R between two mica surfaces across pure buffer
solution (no HA added) is shown by the solid circles in
Figure 1. This can be fitted to the theoretical ap-
proximate expression for the exponentially decaying
electrostatic double-layer repulsion in monovalent elec-
trolyte solution, given by20:21

F _ 128ankgT o €%o \ _o
R- « aig T

®3)

where ns is the bulk salt concentration in units of
number density (m~3), kg is the Boltzmann constant, T
is the temperature, o is the surface electrostatic
potential, e is the electronic charge, and «~1 is the Debye
screening length, given by

K= [eeOkBT/Z n;z;%e?]"? (4a)
1

where n; and z; are the concentration and valency of the
ith ion species (in units of number density), ¢ is the
dielectric constant of water, and ¢ is the permittivity
of free space. For monovalent electrolytes (which will
be discussed further on in this study) this reduces to

KKt = [ee kg TI2n %2 (4b)

Equation 3 is valid for D larger than the Debye
length. The thin line in Figure 1 is the best exponential
fit to the measured double-layer force in the pure hepes
buffer (at pH 7.4). The fit gives a Debye length of «™1 =
47 + 0.1 nm. From eq 4b this corresponds to a
monovalent salt concentration of ng = 4.1 mM, which is
in full agreement with the known concentration of 4.13
mM of the buffer solution. From eq 3 the fitted surface
potential is yo = —150 mV, which, using the Grahame
equation,?? corresponds to a surface charge density of
o = 0.071 C/m?2 (equivalent to one electron charge per
2.3 nm?).

To this buffer solution HA was added, bringing it to
a concentration of ¢ = 3.4 mg/mL (6.8 x 1073 mM). In
this polymer solution the measured forces are again
exponentially repulsive, as shown in Figure 1 (open
symbols) for four different runs. But this time we do
not know in advance what to expect for the Debye
length—especially the contribution from the added poly-
electrolyte. Assuming that eq 3 still holds, the measured
(fitted) Debye length is now smaller than for the buffer
solution without HA: the average value obtained from
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fitting eq 3 to the four independently measured force
profiles in the HA solution is ket = 3.5 £ 0.1 nm
(compared to 4.7 nm in the pure buffer). Qualitatively,
the decrease in the Debye length is expected from the
increase in the ionic concentration as a result of the
addition of dissociated HA. To account for this effect
quantitatively, we describe below a simple model for
predicting the effective Debye lengths in nonadsorbing
polyelectrolyte and other macroionic solutions.

Discussion and Theory

We first discuss some important experimental and
system-specific features that a general model of the
Debye length must consider. The Debye length «71 is
defined by eq 4a solely in terms of the bulk properties
of the solvent or suspending medium, viz., its dielectric
constant, temperature, and the valency and concentra-
tion of added inert (i.e., overall electrically neutral)
electrolyte ions.

In the case of “zero salt”, when there are no inert
electrolyte ions in the reservoir, or in the case of highly
concentrated colloidal dispersions, the ions present in
the solution are mainly the counterions that have come
off (dissociated from) the particle surfaces. The bulk
reservoir no longer consists of a fixed concentration of
inert (electroneutral) electrolyte, and the Debye length
should also depend on the concentration and charge of
the solute particles in the solvent. Dubois et al.2® have
presented a unified theory of double-layer interactions
that covers all situations—from “excess inert electrolyte”
to “counterions only”.

In the present case we have a system that is yet more
complex: charged surfaces interacting in a solvent
containing both inert electrolyte ions and a charged
polyelectrolyte macroion and where neither the concen-
tration of the salt electrolyte ions nor the polyelectrolyte
counterions in the reservoir can be neglected. In addi-
tion, the nature of the surface forces is such that the
polyelectrolyte is forced out from between the surfaces
as they approach each other already from a large
separation. The question is, what is the definition and
meaning of the Debye length in such systems or situ-
ations, and how is it involved in the interaction between
charged surfaces? The case when the polymers are not
forced out from the gap (i.e., at large distances) was
studied by Borukhov et al.® They obtained a modified
PB equation and calculated the polymer concentration
profile between the surfaces. In subsequent studies,*>
the same authors investigated confined macroions (rather
than polymers) and developed yet another modified PB
equation. Indeed, the Debye length obtained from the
linear approximation of their modified PB equation is
the same as if the macroions were considered as points
with charges that correspond to their valency (see also
ref 24).

In one of the few quantitative experimental measure-
ments on a system of this kind, Pashley and Ninham?
measured the double-layer forces between surfaces of
adsorbed cationic cetyltrimethylammonium bromide
(CTAB) bilayers across a micellar solution of CTAB
above the critical micelle concentration (cmc). The
solution contained isolated dissociated surfactant mol-
ecules of cetyltrimethylammonium acid (CTATY), their
counterions of Br~, micelles of diameter ~30 A consist-
ing of about 50 CTAB surfactant molecules, of which
~25% were dissociated, and the micelle counterions of
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Br—. The effective Debye length was 6 nm, as ascer-
tained from the fitted exponential decay of the double-
layer force in the range ~0—26 nm, i.e., including
separations that are larger than both the micelle size
and effective Debye length. This value was empirically
found to be close to the standard expression for 71, eq
4a, but with only the small monovalent ions contributing
to Yicizi?. This suggested that the charged micelles, in
contrast to their dissociated counterions, were not
contributing to the Debye length, but no attempt was
made to theoretically explain this interesting effect.

In our experiments of nonadsorbing HA between
similarly charged mica surfaces in monovalent inert
electrolyte solution, an effective Debye length of 3.5 nm
was measured in the distance range 3—25 nm, i.e., at
distances larger than the Debye length but smaller than
the size of the macroions whose radius of gyration was
~64 nm. Indeed, as shown in Figure 1, whenever a force
was detected, it was in the range where D < Ry where
it was unfavorable for the polymers to remain in the
gap between the surfaces (discussed in the next para-
graph). Thus, we assume that at these separations the
amount of polymer in the gap is negligible. One may
argue that since the surfaces are rounded, then way off
the closest approach there will still be a considerable
amount of polymer; however, way off the closest ap-
proach the separation becomes so large that the double-
layer contribution to the net force is negligible.

Modeling the Effective Debye Length. We first
give a qualitative theoretical justification for our as-
sumption (supported by our experimental observation?)
of no polymer in the gap. The ejection (depletion) of
polymer from a confined space into the bulk reservoir
results from two opposing effects: the resulting decrease
in the translational entropy, Strans, Which is proportional
to the number of depleted polymer molecules p, and the
increase of their conformational entropy, Scons, Which is
proportional to Np, where N is the degree of polymer-
ization (number of segments per molecule). Since N >
1, then Scont > Sirans, and the polymer will be depleted
from the gap. Additionally, since both our polymer and
the surfaces are negatively charged, there is also an
electrostatic repulsion, which contributes to the deple-
tion. We therefore adopt the “no polymer in the gap”
assumption as a reasonable approximation in our model
for the Debye length of nonadsorbing polymer.

To discuss the contribution to the effective Debye
screening length due to dissolved but nonadsorbing
polymer, we must also consider the energy and entropy
associated with its inability to be in the gap. We first
consider the very simple system of two identical parallel
infinite planes with equal surface charge density —o at
positions X = 0 and X = D (Figure 2). In the space
between the planes there is an aqueous solution con-
taining two kinds of ions: negative monovalent salt ions
(from the buffer) with number concentration ng(X) and
positive monovalent ions with number concentration
n(X) which include the ions from the buffer, the mica
surfaces, and the polymer. The polymer itself is excluded
from the gap. For simplicity, we assume all the monova-
lent ions to be point charges. The regions outside the
gap (X < 0 and X > D) are occupied by the substrate
and are therefore free of solution and charges.

The system is in contact with a bulk reservoir with
given ion concentrations: ng for the monovalent anions
(the concentration in the buffer solution), n. for the
monovalent cations, and n, for the macroions (the HA
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RESERVOIR

Figure 2. A schematic of the model system used for the
theoretical derivation of the effective Debye length. (a) The
left-hand side represents the solution in the gap between the
mica surfaces, and the right-hand side represents the bulk
solution (reservoir) which is in equilibrium with the solution
in the gap. The polymers—shown as coils on the right—are not
allowed inside the gap while the monovalent ions are. The real
system that the model describes may look more like (b)
provided that the lateral dimension of the upper surface is
much larger than the separation D between the surfaces.

polymer concentration). Because of charge neutrality,
the equation

N, =ng+2Zn, (5)

must be satisfied in the reservoir, where Z is the
number of elementary charges per polyelectrolyte chain.
(The concentration of the counterions from the mica
surfaces is zero in the reservoir.) We assume that the
distance between charges along the polymer chain for
HA is bigger?-3L than the Bjerrum length (~7 A);
therefore, we expect no Manning counterion conden-
sation32-35 in our system, and the valency Z of the
polyelectrolyte does not have to be renormalized. The
effect of the polyelectrolyte on the properties of the
solution inside the gap is indirect, through the fixing of
the chemical potential of the monovalent species.

Since the system is symmetric, we just need to solve
the problem for the region 0 < X < D/2. We write an
expression for the grand potential (grand canonical
potential3®) functional Q per unit area A:

Q =
Ak T

2 7dx { n()(Ins*n ()] — 1) +
nOQ(IN[ny(X)] — 1) +
390000 — 109 — 03] -
C S H
o M0~ 00 + ﬁ} (6)

The first two terms in the integral represent the ideal-
solution entropy of the mobile monovalent ions. The
third term represents the electrostatic interactions due
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to the charge distribution in the system, ¢(X) = ey(X)/
ksT is the reduced (dimensionless) electrostatic poten-
tial, ¢ is an (irrelevant) length scale that represents the
monovalent ion dimensions, and Il, is the reference
external pressure corresponding to the semidilute poly-
electrolyte solution in the reservoir. The electrochemical
potentials were set to u. = ksgT In(¢®ne) and us = kT
In(¢®ns) for the negative and positive monovalent ions,
respectively. These values for the chemical potentials
assume a dilute reservoir, for which the ideal-solution
expression applies. Please note that n, and ng are not
the same as n¢(X) and ns(X): the first two are the
constant concentrations at the bulk, and the last two
are the varying concentrations between the surfaces.

The expression for the electrostatic potential corre-
sponding to a charge distribution that depends on just
one dimension (X in the present case) is

2
pX) = —(fﬁT) Sy dx X = X[, (<) = ny(x) -

00(X') — ad(X' — D)] (7)

It is easy to see that ¢(X), eq 7, satisfies the Poisson
equation;

d’p(X 2
PR 0ol @

If we now substitute the expressions for the chemical
potentials in eq 6 and rearrange, we get

% _ LD/ZdX {nC(X) In[n (X)/n] +

ny(X) In[ny(X)in] — [nc(X) +ny(X) — :T—OT +
B

3900000 = 109 = 6304 (9)

The electrolyte concentrations are subjected to the
restriction of global charge neutrality:

FIn9), N1 = [ “[n(X) = ng(X) — 09(X)] dX = 0

(10

The integration is between X = 0 and X = D/2 because
the system is symmetric with respect to D/2, and then
one charged surface should be neutralized by the
charges of the free ions in half of the space between the
plates.

At the mean-field level, the equilibrium ion concen-
trations for pointlike charges are obtained by minimiz-
ing the grand-potential functional, eq 9, with respect
to the ion densities, taking into account the restriction
of global charge neutrality, eq 10, that is, (6/0n¢(X))[<2/
2AkgT] = A(0F/on¢(X)) and (6/0ns(X))[RL/2AkgT] = A(6F/
ong(X)), where 1 is a Lagrange multiplier. Following this
procedure (see the Appendix), we obtain the Boltzmann
distributions in the form

ny(X) = ng exp[p(X) — ]
N(X) = n. exp[—¢(X) + 1] (11)
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Defining exp[¢*] = /ndn,, #(X) = ¢(X) + ¢* — A, and
the effective salt concentration inside the gap as

Nggr = /NN, (12)

we may now rewrite eq 11 in the following way:

Ng(X) = Nygr eXPIA(X) + ¢* — 4] = nyre?™
Ne(X) = Nggy eXPL—{$(X) + ¢* — 2}] = npe *® (13)

For sufficiently long separations D between the plates,
there is approximate local charge neutrality at the
midplane (X = D/2), so we have in that case ng(D/2) =
n(D/2). This leads to ¢(D/2) = ¢(D/2) + ¢* — 1 = 0,
according to eq 13 and, therefore, ng(D/2) = n¢(D/2) =
nesr. It is therefore suggestive that this is indeed the
physical magnitude that we should use instead of the
ionic concentration to calculate the effective Debye
length, viz.

0 - = [eeokgT/2N 07 (14)

Ke

It turns out that k! is intermediate between the
Debye length prior to the introduction of the HA

polymer, i.e., k1 = «/eeokBTIZnsez, as given by eq 4b,

and the Debye length we would obtain if each polymer
chain in the solution were substituted by Z monovalent
ions that were allowed to enter into the gap, i.e.,

\JeeoksTI2n €%, where n. is defined in eq 5.

Modeling the Double-Layer Interaction. Combi-
nation of egs 8, 11, and 13 leads to the well-known
Poisson—Boltzmann equation:

d?p(X —e? o
d";iz )= EeolfBT[nC(X) — ny(X)] = ke’ Sinh B(X) (15)

A first integration of eq 15 leads to the following formula
for the electric field in the region 0 < X < D/2:

90 = kB B (16)

where A($(X); ¢a) = 4/2(coshp(X)—cosh ¢y), pa = ¢(D/2),
and where we have used the relation 2 d?¢/dX? = d[(¢")?]/
d¢ and the fact that the electric field is zero at the
midplane (X = D/2) because of the symmetry of the
system.

A second integration leads to

92 ,a)d,d—(_ﬁ, 17
2 = S AGX; 7 )

The boundary condition for the electric field at the mica
surface (X = 0) combined with eq 16 leads to

eZ

by 8 = GO = g0 ()

Equations 17 and 18 determine ¢o = #(0) and ¢4 =
¢(D/2) for any given separation D. Substituting eq 13
in eq 9 and using egs 16 and 17 leads to



Macromolecules, Vol. 35, No. 6, 2002

_ Q N . 2@ Netr ~q —. 7 n
PAKGT 2n.D sinh 5 +2 P A(¢; ¢g) do +
Nefr — gk T 0¢0 _ E 9
Keﬁ(¢0 ¢ + A)A((bo' ¢d) + 2 + [Zneff kBT 2

(19)

The disjoining osmotic pressure IT between the planes
is given by the negative (total) derivative of the grand-
potential (per unit area) with respect to the separation
of the surfaces D. Therefore

I1 d Q 1 I
=-5— =3|2ng — =| +
2kgT oD\ 2AkgT) 2 kgT
¢ fo Mer, - - ]9
CR I e b )|—
2N, sinh 5 + 5 KeﬂA(qbo,qbd) D +

et (s, SINN 94106
Kett” %0 A(¢; ¢g)| ID

_ 3¢ _ 3¢
sinh qbo% — sinh qbd%

[neﬁD sinh ¢y — 2

Nert o = ¢ + 2)

S — 20
<t Ao b0 (20)

The quantities in the two square brackets are zero
because of eqs 17 and 18. The fifth term may also be
shown to be zero by differentiating eq 18 with respect
to D. So the osmotic pressure reduces to

T e )
kT 4n; sinh 5 + [Zneff kT (21)

which may be expressed in a more familiar form as

i 1o

fT = M:012) + n(DI2) ~ = (22)

Equation 21 or 22 is the version of the so-called “contact
value theorem21.37.38 for our system. The term in the
square brackets in eq 21 is the constant osmotic term,
present even in the case of well-separated planes so long
as the macroions are unable to enter the gap. This term
is assumed to be small compared to the first term in
the right-hand side of eq 21.

As was previously discussed, for sufficiently large
separations (D > ke 1) the modified electrostatic po-
tential in the midplane, ¢(D/2), is very small. Therefore,
we may use the well-known weak overlap approxima-
tion,11.20.21.39 which leads to

o (¢_)
kT = 64n.; tanh 7/¢ (23)

At low surface potentials ([keT¢o/e] < 25 mV) eq 23
further simplifies to

(24)

which can also be obtained from the linearization of the
PB equation (15) by assuming sinh ¢(X) ~ ¢(X).

The disjoining osmotic pressure may now be reinte-
grated to obtain the interaction grand potential in the
weak overlap approximation limit as
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i __Q 64N, 2(@) —keffD
Ak TD) ~ A T(®) =~ tanh{g e T (25)

where Q/A(w) is the grand potential per unit area
corresponding to the situation when the two planes are
very far away from each other (D > ke 1). Finally, the
ratio force/radius between two spheres, a sphere and a
flat surface, or two crossed cylinders, F/R, as measured
in the SFA experiments, would be proportional to the
interaction grand potential (per unit area) as given by
the Derjaguin approximation.1340 So for the case of two
crossed cylinders (or a sphere near a flat surface) we
may expect the following relation to apply:

F

Q
( (, ~
AkBT\D) AkBT\m)] -

1287kg Ty Sfelvp T ¥ o
— W e (26)

which is totally analogous to eq 3 with the substitution
of k by ketr, Ns bY Nerr, and o by v, + y* where y, =
Yo — y* is the difference between the potentials at the
surface and at the reservoir, y* = (keT¢*/e), and yq =
(ks Teole). Unlike in eq 3 where the difference between
the potentials at the surface and at the reservoir is o,
in the case described by eq 26 it is yp = yo — y*. (Note
that in egs 11 and 13, when we use ¢ = ¢*, we have
ns(X) = ns and n¢(X) = nc which are their values in the
reservoir; hence, y* is the value of the potential in the
reservoir.) One way of explaining the difference in the
potential used in eq 26 and that used in eq 3 is by
considering a system of two well-separated parallel
membranes in which the polymer can be only outside
the gap between the surfaces. Although the surfaces are
very far away, the surface potential is different if
considered with respect to the midplane of the gap than
it is with respect to the reservoir. This is because the
system is not symmetric as opposed to the same system
but without the polymer.

Ko

Summary and Conclusions

The electric double-layer forces between two mica
surfaces across a monovalent salt solution with and
without a nonadsorbing polyelectrolyte of the high
molecular weight HA (5.4 x 10° Da, Ry ~ 64 nm) were
measured. From these measurements, it was found that
the effective Debye length at surface separation below
Ry was reduced from 4.7 £ 0.1 nm in 4.1 mM salt to
3.5 £ 0.1 nm after addition of 6.8 uM HA.

The double-layer repulsion for a salt solution contain-
ing nonadsorbing polymer was also treated theoretically.
It is shown that the effective Debye length in such
systems is expected to be

1 nS 1/4 1
Keff - r1s+—zr1p K (27)

where « ~ 1 is the Debye length in pure salt solution
(np, = 0). Equation 27 shows that addition of a nonad-
sorbing polyelectrolyte of concentration n, and valency
Z (i.e., additional counterion concentration of Znjp) to an
existing monovalent salt solution of concentration ns
changes the Debye length from «1 to ke 1. In terms
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of molar concentrations for ns and np, eq 27 may be
written as

. 0304

= ZoFT 28
Uny(ng +Zn,) (8)

Keft

Using either eq 28 or eq 27, we may calculate the
theoretically expected Debye length e for our ex-
perimental system assuming fully dissociated polymer
(Z =N = 1250). This calculation results in ke 1 = 0.304/
[4.13 x 1073(4.13 + 1250 x 0.0068) x 10-3]V¥4 = 3.53
nm, which is in excellent agreement with the experi-
mental Debye length of 3.5 £ 0.1 nm. The thick solid
line in Figure 1 uses the (theoretical) value of 3.53 nm
for resr L.

From fitting eq 26 to the experimental data, we can
also learn that addition of HA to the buffer solution
resulted in a surface potential of yo = —125 mV. The
corresponding difference between the potentials at the
surface and at the reservoir is given by

_ _ nS 1/2
Yo = Yo — Y* = ¢y — (KgT/e) In(ns—i-—znp) (29)

which results in y, = —139 mV. Thus, the surface
potential (with respect to the reservoir) had decreased
from o = —150 mV to an effective potential of y, =
—139 mV on addition of HA.

Similarly, the effective surface charge density in the
HA solution may be calculated using the Grahame
equation,? which for our case becomes modified as
follows:

0= /BeegkaT Sinh(epy/2ksT)N "% =
J/Beeoks T sinh(eyy/2ks TN, + Zn)1¥* (30)

This results in ¢ = 0.057 C/m2 (1 electron charge per
2.8 nm2), which may be compared to ¢ = 0.071 C/mZ2in
the case of no added polyelectrolyte. Most likely, the
decreasing surface potential and charge on addition of
HA arises from the adsorption of some positively
charged Na' counterions of HA onto the negatively
charged mica surfaces.

Equation 28 may also be applied to other studies in
which big macroions were involved. As noted in the
Introduction, the only such study we are aware of is that
of Pashley and Ninham,? to be referred to as P—N, who
used the SFA to measure the double-layer repulsion
between two CTAB bilayers immersed in an ionic
micellar solution (rather than polyelectrolyte). They
calculated the effective Debye length ket by fitting
their experimental data with a numerical solution of the
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nonlinear Poisson—Boltzmann equation. P—N proposed
an empirical expression for ke, defined by

€egkgT

4 12 0.43
k=2
e“(2ng + Zn,)

= nm (31)

v2ng +Zn,

which they compared to their fitted experimental values.
In eq 31, ns and n,, refer to the molar concentrations of
the free surfactant molecules (cmc) and the micelles,
respectively, and Z is the number of elementary charges
per micelle.*! The results are shown in Table 1 below,
together with our predictions using eq 28.

As seen in Table 1, our theoretical predictions are at
least as good (even slightly better at the higher micelle
concentrations) as the empirical expression of P—N,
which is purely heuristic and was not theoretically
derived. Note that only the two highest CTAB concen-
trations are significantly higher than the cmc of 9.7 x
10~* M*? and hence contain a considerable amount of
micelles. We should also note that the range of distances
used by P—N was mostly larger than the size of the
micelles of ~3—4 nm,*3 and it is therefore not obvious
whether the micelles and their counterions remained
between the surfaces when the theories of Borukhov et
al.*% are expected to hold or whether the micelles were
depleted from between the surfaces when eq 28 should
hold. Probably, the actual physical situation is in
between these two regimes—which may be one reason
for the (small) discrepancies between our theoretical
predictions and the experimental values.

It appears from our model and from comparing the
model with our measurements that the only parameter
that changes the Debye length is not the polyelectrolyte
concentration per se, but the concentration of the small
permeable counterions that dissociate from this poly-
electrolyte into the solution, viz., Zn,. This is provided
that the polymer is sufficiently large compared to the
gap between the surfaces when the assumption of no
polymer between the surfaces, as used in our model, is
valid.
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Appendix. Minimization of the Grand Potential
Functional

To obtain the equilibrium electrolyte distributions at
all points within the gap between the surfaces, we need
to minimize the grand potential with respect to the

Table 1. Comparison of Eq 28 with P—N Study? on Micellar Solutions

measured values (P—N experiment?)

calculated Debye lengths, ke~ (nm), based on
Z =12.5 (ref 41)

total surfactant monomer concn? micelle concn?

Debye length,

P—N empirical, present theory,

concn? [CTAB], M ns (M) np (M) Kefi + (NM) eq 31 eq 28
1078 9.7 x 107* 6.0 x 1077 10.0 9.5 9.7
2x10°3 9.7 x 1074 2.1 x10°° 8.5 8.9 9.2
5x 1073 9.7 x 1074 8.1 x 107> 7.8 7.9 8.2
1072 9.7 x 107 1.81 x 10~ 7.0 6.6 7.2
1.8 x 1072 9.7 x 1074 3.41 x 104 6.0 5.4 6.4

a Note that the total surfactant concentration [CTAB] in column 1 includes both the free CTAB monomers in solution at the critical
micelle concentration (cmc) of ng = 9.7 x 10~* M (ref 42) and the CTAB molecules in micelles.
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distributions of all the ions subject to the restriction of
global charge neutrality, eq 10, that is

o [ Q@ 1_, oF and

6nc(X)[2AkBT] on.(X)
o Q 1 _ . OF
ong(X) 2AkBT] T ong(X) (A1)

This leads to eq 11, which we now derive from eq 9.
First, we rewrite eq 9 as

Q =
2AK,T

[ax { ny(X) In[n,(X)/ing] + n(X) IN[ny(X)/n,] —

} Qelectr
N(X) + ny(X) — T one T (A2)

2AkgT

where Qelectr/2AKsT = Yo/ 02dX {p(X)[N(X) — ns(X) —
00(X)]}. Because of the symmetry of the system around
D/2, the integral from O to D/2 is half of the integral to
D (including a term in the integrand that takes into
account the charge on the surface at X = D). Thus

Qelectr _

2AK T
/X {0 -

ny(X) — 06(X) — gd(X — D)J}
(A3)

Substituting eq 7 for the electrostatic potential, we get
after rearranging

Qelectr _ '
2AkBT (eeo BT)4J; L/; dXdX’ x
[N(X) = ny(X") — 06(X) — g0(X" — D)] x
[N(X) = ny(X) — 06(X) — 06(X — D)X — X'} (A4)

To minimize the whole grand potential, we need its
functional variation with respect to both electrolyte
distributions, ng(X) and n¢(X). First we calculate the
functional variation of the electrostatic part of the grand
potential which, taking into account the symmetry of
the integrand with respect to the variables X and X',
results in

Qe ectr 2 r 1
a[m] - _(eeOeBT)sz ﬁ) dX dX' [X — X'| x
{[ong(X) = ony(X)][N(X") = ny(X") — 56(X") —
gd(X' — D)] (A5)

Rearranging and using eq 7, we get

Qe ectr
’ 2AII<BtT] = 3o X [0 — on,0016(x) =

3 PaX [onx) — on,(X)16(X) (A6)

Equation A6 is the expression for the functional varia-
tion of the electrostatic part of the grand potential. To
calculate the functional variation of the whole grand
potential, we differentiate eq A2 which results in
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Q D2
2AkBT
ony(X) In[nS(X)/nS] + dny(X) —

dX {on,(X) In[n(X)/n] + on,(X) +
[6n(X) + ony(X)1} +
electr
[2Ak T] (A7)
The minimization of the grand potential is obtained

by substituting eqs 10, A6, and A7 into eq Al, which
leads to

5[2 AﬁfBT = [P%dX {8n,(X) In[n(x)/n.] +
ony(X) In[ny(X)/ng] + [ony(X) — ony(X)]#(X)} =
20F = 1 f1on(X) — ony(X)] dX (A8)

Since on¢(X)and ong(X) are independent of each other,
and of dn¢(X) and dng(X") for X = X', each of the square
brackets should be zero, which finally leads to eq 11.
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